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PROPERTIES OF REPRESENTATIONS OF OPERATORS ACTING
BETWEEN SPACES OF VECTOR-VALUED FUNCTIONS
DELIO MUGNOLO AND ROBIN NITTKA
Abstrat. A well-known result going bak to the 1930s states that all bounded linear opera-
tors mapping salar-valued L1-spaes into L∞-spaes are kernel operators and that in fat this
relation indues an isometri isomorphism between the spae of suh operators and the spae
of all bounded kernels. We extend this result to the ase of spaes of vetor-valued funtions.
A reent result due to Arendt and Thomashewski states that the loal operators ating on
Lp-spaes of funtions with values in separable Banah spaes are preisely the multipliation
operators. We extend this result to non-separable dual spaes.
Moreover, we relate positivity and other order properties of the operators to orresponding
properties of the representations.
1. Introdution
In the theory of partial dierential equations one often proves the existene of solution op-
erators with nie properties without arriving at an expliit formula to represent them. In suh
situations it often helps to have some abstrat representation theorems for linear operators at
hand whih guarantee that the solution an be expressed by a formula having a simple stru-
ture. Most prominent among these results are riteria to distinguish operators allowing a kernel
representation, leading to the existene of a so-alled Green's funtion.
The following representation theorem an be traed bak at least to Gelfand [21℄ and Kan-
torovith and Vulikh [25℄, see also [16, Theorem 2.2.5℄.
Theorem 1.1. Let (Ω1, µ1) and (Ω2, µ2) be σ-nite measure spaes. There is a one-to-one
orrespondene between the bounded linear operators T from L1(Ω1) to L
∞(Ω2) and the bounded
kernels k ∈ L∞(Ω1 × Ω2). More preisely, for every k ∈ L
∞(Ω1 × Ω2)
(Tkf) :=
∫
Ω1
k(ω, ·)f(ω) dµ1(ω), f ∈ L
1(Ω1), (1)
denes a bounded linear operator from L1(Ω1) to L
∞(Ω2). Conversely, every bounded linear
operator from L1(Ω1) to L
∞(Ω2) admits suh a kernel representation.
This theorem is not diult to prove one a few fats about the projetive tensor produt
E⊗˜piF of two Banah spaes E and F are known. We refer to [13℄ or to the reent monograph [15℄
for a omprehensive treatment of Grothendiek's theory of tensor produts. In fat,
L (L1(Ω1), L
∞(Ω2)) ∼= (L
1(Ω1)⊗˜piL
1(Ω2))
′ ∼= L1(Ω1 × Ω2)
′
∼= L∞(Ω1 × Ω2),
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where all spaes are isometrially isomorphi. Traking down the identiations, we obtain the
existene (and uniqueness) of suh a kernel. But see also [7, Theorem 1.3℄ for a more elementary
proof.
This result an be applied in the ontext of evolution equations. For example, it yields that if
the operators of a semigroup satisfy a ertain Lp(Ω)-to-Lq(Ω) estimate, p < q, then the individual
operators an be represented by bounded kernels. Suh estimates an be obtained from Sobolev
embeddings. We refer to [12, Chapters 2 and 3℄ and [5, 7.3℄, for details and appliations.
However, sometimes there our (possibly innite) systems of partial dierential equations in
a quite natural way, see for example [2, 14, 27, 34℄ and the referenes therein. For suh PDEs
whose solution families at on vetor-valued funtion spaes it is neessary to generalize salar
results like Theorem 1.1 to operators ating between spaes of funtions taking values in abstrat
Banah spaes or, more generally, in Fréhet spaes. One aim of this note is to work out the
tehnial details for the above result. We also allow for very general measure spaes.
The so-alled weak Dunford-Pettis theorem, whih we present in Setion 2, will be the ruial
step in the proof of our main representation theorem. Setion 3 ontains our rst main result,
the vetor-valued version of Theorem 1.1. Our ideas an also be used to prove a theorem whih is
similar to a reent observation due to Arendt and Thomashewski [8℄, and we desribe the details
in Setion 4. Setion 5 treats positivity and other order theoreti questions. Finally, Setion 6
points towards generalizations of our results into the diretion of other Lp-spaes.
2. Representability of Operators
In the literature several results have been dubbed the Dunford-Pettis theorem. The origi-
nal paper by Dunford and Pettis [16℄ investigated (among other things) the representability of
operators.
Denition 2.1. Let (Ω, µ) be a measure spae, F a Banah spae and T a bounded linear operator
from L1(Ω, µ) to F . We say that T is representable if there exists a density g ∈ L∞(Ω, F ) suh
that
Tf =
∫
Ω
fg dµ for all f ∈ L1(Ω, µ)
as a Bohner integral.
If F is a separable dual spae, then by [13, Appendix C5℄ eah bounded linear operator
T : L1(Ω, µ) → F ′ is representable given that µ is a nite measure. Closely onneted to this is
the following property of Banah spaes.
A Banah spae F is said to have the Radon-Nikodym property if for every nite measure
spae (Ω, µ) every bounded linear operator T from L1(Ω, µ) to F is representable.1 We have
already mentioned that separable dual spaes have the Radon-Nikodym property, and so do all
reexive spaes aording to the strong Dunford-Pettis theorem, see [13, Appendix C7℄.
However, even if T : L1(Ω) → F ′ fails to be representable, it is still possible to nd a density
in a weaker sense. This is the ontent of the weak Dunford-Pettis theorem, whih we are going to
state next. It arises rather naturally in the ontext of projetive tensor produts, see [13, 3.3℄.
We start by introduing a funtion spae that will turn out to be preisely the right spae of
densities.
Denition 2.2. Let F be a Banah spae and (Ω, µ) be a measure spae. Denote by Lσ∗(Ω;F
′)
the spae of σ(F ′, F )-measurable, σ(F ′, F )-bounded funtions from Ω to F ′.
1
In fat, it is already suient to hek this ondition for Ω = (0, 1) and the Lebesgue measure, see [13,
Appendix D1℄.
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Here f : Ω→ F ′ is alled σ(F ′, F )-measurable if the salar funtion ω 7→ 〈f(ω), v〉 is measur-
able for every v ∈ F , and it is alled σ(F ′, F )-bounded if
‖f‖σ∗ := sup
v∈BF
ess sup
ω∈Ω
| 〈f(ω), v〉 | <∞,
where BF is the unit ball in F . Elements f and g of Lσ∗(Ω;F
′) are onsidered equivalent, i.e.,
f ∼ g, if ‖f − g‖σ∗ = 0.
Finally, we denote by L∞σ∗(Ω;F
′) := Lσ∗(Ω;F
′)/ ∼ the spae of equivalene lasses with respet
to this equivalene relation, equipped with the norm ‖[f ]∼‖∞ := ‖f‖σ∗.
It is not hard to hek that ‖ · ‖σ∗ is a seminorm on Lσ∗(Ω;F
′) and that ‖ · ‖∞ is well-dened
and hene a norm on L∞σ∗(Ω;F
′). We point out that the hoie of the predual F of F ′ is impliit
in the notation L∞σ∗(Ω;F
′). However, it will always be lear from the ontext whih predual we
onsider.
There is an obvious isometri embedding from L∞σ∗(Ω;F
′) into L (F,L∞(Ω)), mapping g to
the operator Tg dened by Tgv := 〈g, v〉. In the proof of Theorem 2.4 we will show the remarkable
fat that this map is in fat an isomorphism if (Ω, µ) is omplete and stritly loalizable in the
sense of [18, 211E℄. This is mainly due to the following deep result, whih an be found in [22,
Theorem IV.3℄, see also [19, 341K and 363X(e)℄.
Theorem 2.3. Let (Ω, µ) be a omplete measure spae. Then (Ω, µ) is stritly loalizable if and
only if there exists a linear lifting from L∞(Ω) to M∞(Ω), the spae of bounded measurable
funtions on Ω.
Reall that a linear lifting is a positive, linear map ̺ from L∞(Ω;R) to M∞(Ω;R) suh that
̺([1]∼) = 1 and ̺([f ]∼) ∈ [f ]∼ for every [f ]∼ in L
∞(Ω). This an be extended to a ontinuous
linear map from L∞(Ω;C) to M∞(Ω;C) still respeting the equivalene lasses. We mention
that the ompleteness of the measure spae is ruial, see [11℄.
For a Banah spae F , onsider the anonial mapping from L∞σ∗(Ω;F
′) to L (L1(Ω), F ′),
assigning to k the unique bounded linear Tk operator satisfying
〈Tkf, v〉F ′,F =
∫
Ω
〈k(ω), v〉F ′,F f(ω)dω (2)
for all v ∈ F and f ∈ L1(Ω).
The following weak Dunford-Pettis theorem asserts that this mapping is in fat surjetive for
omplete, stritly loalizable measure spaes.
2
Our version of this theorem is slightly more general
than what an usually be found in the literature. In fat, it desribes preisely whih kernels
have to be identied and how this quotient spae has to be endowed with a Banah spae norm
in order to make the identiation of kernels and kernel operators an isometri isomorphism.
Theorem 2.4 (weak Dunford-Pettis theorem). Let (Ω, µ) be a omplete, stritly loalizable mea-
sure spae, and let F be a Banah spae. Then the anonial mapping k 7→ Tk is an isometri
isomorphism from L∞σ∗(Ω;F
′) to L (L1(Ω), F ′).
Proof. Every stritly loalizable spae is loalizable [18, 211L℄, hene L1(Ω)′ = L∞(Ω) under
the usual identiation [18, 243G℄. Thus
L (L1(Ω), F ′) ∼= (L1(Ω)⊗˜piF )
′ ∼= L (F,L∞(Ω)),
see also (4) and Lemma 3.2. Consequently, it sues to show that the anonial map from
L∞σ∗(Ω;F
′) to L (F,L∞(Ω)) is surjetive. In fat, the resulting isometri isomorphism from
L∞σ∗(Ω;F
′) to L (L1(Ω), F ′) is easily heked to be the one desribed in the theorem.
2
In fat, the existene of a linear lifting an even be haraterized by the validity of the weak Dunford-Pettis
theorem, f. [22, VII.2℄.
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Let T ∈ L (F,L∞(Ω)) and dene gv := ̺(Tv) ∈M
∞(Ω), where ̺ is a linear lifting from L∞(Ω)
to M∞(Ω), whih exists by Theorem 2.3. Then gv(ω) is linear in v and and |gv(ω)| ≤ ‖T ‖ ‖v‖
beause ̺(f)(ω) ≤ ess supω∈Ω |f(ω)| for every f ∈ L
∞(Ω).
Thus 〈g(ω), v〉 := gv(ω) denes an element g(ω) ∈ F
′
for every ω ∈ Ω, and ‖g(ω)‖F ′ ≤ ‖T ‖.
By denition, g is σ(F ′, F )-measurable and ‖g‖σ∗ ≤ ‖T ‖ < ∞, hene g ∈ Lσ∗(Ω;F
′). By
onstrution, Tg˜ = T , where g˜ := [g]∼ ∈ L
∞
σ∗(Ω;F
′) and Tg˜ is dened as in (2). This nishes the
proof. 
Remark 2.5. The theorem states in partiular that every bounded linear operator T from L1(Ω)
into a dual spae has a σ(F ′, F )-density k ∈ L∞σ∗(Ω;F
′), i.e.,
Tf =
∫
Ω
fk dµ for all f ∈ L1(Ω)
as a σ(F ′, F )-Pettis integral. This result an also be found in [16, Theorem 2.1.6℄ and [13, 3.3℄.
If F is separable, then ‖f(·)‖F ′ is measurable and
‖f‖∞ = ess sup
ω∈Ω
‖f(ω)‖F ′ . (3)
In fat, ‖f(ω)‖F ′ = supn | 〈f(ω), vn〉 | for every ω ∈ Ω, where (vn)n∈N is dense in F . This is the
norm onsidered in [8, Denition 2.1℄. But in the general (non-separable) ase this norm is not
even well-dened on Lσ∗(Ω;F
′) as the following example shows.
Example 2.6. Let I be a set of the same ardinality as the ontinuum and onsider the non-
separable Hilbert spae F := ℓ2(I). Then there exists a bounded, σ(F ′, F )-measurable funtion
f on Ω := (0, 1) taking values in F ′ suh that the equivalene lass of f in L∞σ∗(Ω;F
′) is the zero
funtion, but ‖f(t)‖F ′ = 1 for every t ∈ Ω. So if ‖f‖∞ was dened as in (3), its value would
depend on the hoie of the representative.
In fat, let (et)t∈Ω be an orthonormal basis of F . Dene 〈f(t), v〉 := (v|et) for t ∈ I, v ∈ F .
Then f has the properties desribed above, sine ‖f(t)‖F ′ = 1 for every t ∈ Ω, and f is σ(F
′, F )-
measurable beause for every v ∈ F the funtion 〈f(·), v〉 vanishes outside a ountable subset of
Ω. More preisely this shows that f is equivalent to the zero funtion.
3. Representability of Operators on Spaes of Vetor-Valued Funtions
We start by giving a denition of the projetive tensor produt in terms of a universal property.
This approah is not the usual one. We introdue the tensor produt in this way, though, beause
we will enounter a similar objet in Setion 5 and want out the similarity between the denitions.
We refer to [13℄ for a systemati introdution to tensor produts. There one also an nd proofs
of all the mentioned results about the projetive tensor produt.
Let E and F be Banah spaes. A pair (H,χ), where H is a Banah spae and ϕ is a bilinear
map from E × F to H suh that ‖χ(u, v)‖ = ‖u‖ ‖v‖, is alled a projetive tensor produt of E
and F if for every vetor spae G and every bounded bilinear map ϕ from E × F to G there
exists a unique bounded linear operator T from H to G suh that the diagram
E × F G
H
ϕ
χ
T
ommutes, and, moreover, this unique map T satises ‖T ‖ = ‖ϕ‖. Here, as usual, ‖ϕ‖ denotes
the least onstant c suh that |ϕ(u, v)| ≤ c‖u‖ ‖v‖ holds for all u ∈ E and v ∈ F .
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For any pair of Banah spaes there exists a projetive tensor produt. It is standard to
hek that the projetive tensor produt is essentially unique, i.e., for any two projetive tensor
produts (H1, χ1) and (H2, χ2) there is an isometri isomorphism J from H1 to H2 suh that
J ◦ χ1 = χ2. We denote this spae by E⊗˜piF and write u ⊗ v for χ(u, v). Moreover, E ⊗ F
denotes the span of the image of χ, whih is dense in E⊗˜piF .
It follows that for Banah spaes E, F and G,
E⊗˜piF ∼= F ⊗˜piE and (E⊗˜piF )⊗˜piG ∼= E⊗˜pi(F ⊗˜piG) (4)
via the natural mappings.
If (Ω, µ) is a measure spae, we write L1(Ω;E) for the Bohner spae of measurable, integrable
funtions on Ω taking values in E. Then
L1(Ω1)⊗˜piL
1(Ω2) ∼= L
1(Ω1 × Ω2), (5)
for arbitrary measure spaes Ω1 and Ω2, where Ω1 × Ω2 is equipped with the omplete loally
determined produt measure [18, 251F℄, see [13, Exerise 3.27℄ or [18, Notes to 253℄. For σ-
nite measure spaes the omplete loally determined produt measure is the ompletion of the
usual (unique) produt measure of σ-nite measure spaes, see [18, 251K℄.
We reall two further results about tensor produts, whih an be found for example in [32,
III.6.5, III.6.2℄.
Lemma 3.1. Let (Ω, µ) be a measure spae. Then T : L1(Ω)⊗ E → L1(Ω;E) dened via
T (f ⊗ η) := f(·)η
extends to an isometri isomorphism from L1(Ω)⊗˜piE onto L
1(Ω;E).
Lemma 3.2. The dual spae of E⊗˜piF is L (E,F
′), where the duality ats as
〈T, x⊗ y〉
L (E,F ′),E⊗˜piF
:= 〈Tx, y〉F ′,F
for T ∈ L (E,F ′) and x⊗ y ∈ E ⊗ F .
Now we are prepared to prove the vetor-valued version of Theorem 1.1. For E = F = R,
it essentially redues to Theorem 1.1. But for Banah spaes, in partiular non-separable ones,
it seems to be new. Moreover, the measure theoretial assumption, namely the existene of a
lifting, seems to be optimal.
Let (Ω1, µ1) and (Ω2, µ2) be measure spaes. Given k ∈ L
∞
σ∗(Ω1 × Ω2;L (E,F
′)), we denote
by Tk the unique bounded linear operator from L
1(Ω;E) to L∞σ∗(Ω2;F
′) that satises
〈(Tkf)(ω2), v〉F ′,F =
∫
Ω1
〈k(ω1, ω2)f(ω1), v〉F ′,F dµ1(ω1) (6)
for every v ∈ F , f ∈ L1(Ω1), and µ2-almost every ω2 ∈ Ω2. As before, we equip Ω1 × Ω2 with
the omplete loally determined produt measure.
Theorem 3.3. Let (Ω1, µ1) and (Ω2, µ2) be omplete, stritly loalizable measure spaes. The
mapping k 7→ Tk from L
∞
σ∗(Ω1 × Ω2;L (E,F
′)) to L (L1(Ω1;E), L
∞
σ∗(Ω2;F
′)) is an isometri
isomorphism.
Examples of stritly loalizable measure spaes inlude σ-nite measure spaes [18, 211L℄
and loally ompat spaes equipped with a Radon measure [20, 416B℄.
Proof. It is known that the omplete loally determined produt measure spae Ω1×Ω2 is again
omplete [18, 251I℄ and stritly loalizable [18, 251N℄. Using (in this order)
• Theorem 2.4,
• Lemma 3.2 (applied twie),
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• Lemma 3.1, (4),
• Lemma 3.2,
• Lemma 3.2 together with Theorem 2.4,
we see that the hain
L (L1(Ω1;E), L
∞
σ∗(Ω2;F
′)) ∼= L (L1(Ω1;E),L (L
1(Ω2), F
′))
∼= (L1(Ω1;E)⊗˜pi(L
1(Ω2)⊗˜piF ))
′
∼= (L1(Ω1)⊗˜piL
1(Ω2)⊗˜piE⊗˜piF )
′
∼= L (L1(Ω1 × Ω2), (E⊗˜piF )
′)
∼= L∞σ∗(Ω1 × Ω2;L (E,F
′))
onsists of isometri isomorphies. It is an easy, yet tiresome, exerise to hek that the omposi-
tion of the above isometries is in fat the operator given by (6). 
Remark 3.4. The mapping desribed in Theorem 3.3 is an isomorphism even if E and F are
merely Fréhet spaes. The proof of this fat is essentially the same as the above. One only has to
note that all results we had ited in the proof remain valid in this ase, see [17℄ for Theorem 2.4,
and the aforementioned setions of [32℄ for Lemmata 3.1 and 3.2.
In some situations Theorem 3.3 remains true if we replae L∞σ∗ by L
∞
, i.e., if we onsider
(strongly) measurable funtions only, as the following orollary shows.
Corollary 3.5. If (Ω1, µ1) and (Ω2, µ2) are omplete, nite measure spaes and L (E,F
′)
has the Radon-Nikodym property, then L∞(Ω1 × Ω2;L (E,F
′)) is isometrially isomorphi to
L (L1(Ω1, E), L
∞(Ω2, F
′)) by the same identiation as in Theorem 3.3. Moreover,
(Tkf)(ω2) =
∫
Ω1
k(ω1, ω2)f(ω1)dµ1(ω1)
as a Bohner integral in F ′ for µ2-almost every ω2 ∈ Ω2.
Proof. We an assume E 6= {0} without loss of generality. Then F ′ has the Radon-Nikodym
property, too, sine it an be identied with a losed subspae of L (E,F ′). Now the laim follows
from the following observation. If G is a Banah spae, G′ has the Radon-Nikodym property,
and (Ω, µ) is a nite measure spae, then the natural embedding of L∞(Ω;G′) into L∞σ∗(Ω;G
′)
is in fat an isometri isomorphism. This follows from Theorem 2.4 and the denition of the
Radon-Nikodym property. 
Remark 3.6. There is a lass of spaes for whih the assumptions of the preeding orollary
are fullled. In fat, by a result due to Andrews [3℄, L (E,F ′) has the Radon-Nikodym property
whenever E′ and F ′ have the Radon-Nikodym property and, moreover, every bounded linear
operator from E to F ′ is ompat. By Pitt's theorem [26, 42.3.(10)℄ this is the ase for E = ℓp
and F = ℓq, where 1 ≤ q′ < p < ∞, 1
q
+ 1
q′
= 1. There are also some other lasses of
Banah spaes that enjoy these properties (so that Corollary 3.5 an be applied), inluding some
Lp-spaes [30℄, Orliz sequene spaes [28, p. 149℄, and Lorentz sequene spaes [10℄.
4. Multipliation Operators
In this setion we apply our tehniques to obtain a result that extends Theorem 2.3 in [8℄ to
non-separable dual spaes. Let E be a Banah spae, (Ω,Σ, µ) a stritly loalizable, omplete
measure spae, and p ∈ [1,∞], and onsider the spae
L∞(Ω;Ls(E)) := {M : Ω→ L (E) : M(·)x ∈ L
∞(Ω;E) for all x ∈ E}.
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For every M ∈ L∞(Ω;Ls(E)), (MMf)(ω) := M(ω)f(ω) denes a bounded linear operator
MM ∈ L (L
p(Ω)), even if E is not separable. These operators are alled multipliation operators
on Lp(Ω;E). We remark that for non-separable E the spae L∞(Ω;Ls(E)) annot be normed
in the same way as in [8℄, ompare Example 2.6.
We all an operator T ∈ L (Lp(Ω;E)) loal if for all f ∈ Lp(Ω;E) we have
Tf = 0 almost everywhere on {ω : f(ω) = 0}.
This is equivalent to the ondition that
T (1Af) = 1ATf for all f ∈ L
p(Ω;E) and all A ∈ Σ.
It is obvious that multipliation operators are loal. In [8℄ the authors proved the following
theorem.
Theorem 4.1 (Arendt, Thomashewski). Let (Ω,Σ, µ) be σ-nite and E be separable. Then for
every loal operator T ∈ L (Lp(Ω;E)) there exists M ∈ L∞(Ω;Ls(E)) suh that MM = T .
The proof of Arendt and Thomashewski ould easily be adopted to over arbitrary stritly
loalizable measure spaes. But it heavily exploits the separability of E to onstrut a kind of
vetor-valued linear lifting. We modify their approah to obtain a similar result for non-separable
dual spaes.
To this end, we have to onsider a dierent spae of multipliators. Let M ∈ L∞σ∗(Ω;L (F
′)).
This means in partiular that 〈M(·), v′ ⊗ v〉 = 〈M(·)v′, v〉 is measurable for all v′ ∈ F ′ and v ∈ F ,
ompare Denition 2.2 and Lemma 3.2. In this situation we dene (MMf)(ω) := M(ω)f(ω) and
obtain that Mf : Ω→ F ′ is weakly measurable. It is not diult to hek that∫
Ω
∣∣〈(MMf)(ω), v〉∣∣pdµ(ω) ≤ ‖M‖p∞ ‖v‖p ‖f‖pp
for simple funtions f ∈ Lp(Ω;F ′), hene 〈MMf, v〉 ∈ L
p(Ω) and ‖ 〈MMf, v〉 ‖p ≤ ‖v‖ ‖f‖
for all f ∈ Lp(Ω;F ′) and all v ∈ F . Thus MMf ∈ L
p(Ω;F ′) if and only if MMf is almost
separably valued, f. [6, Corollary 1.1.3℄. In this ase, MM is a bounded operator on L
p(Ω;F ′),
and ‖MM‖ ≤ ‖M‖∞.
One an easily ome up with examples that MMf 6∈ L
p(Ω;F ′) if F ′ and (Ω,Σ, µ) are rih
enough, for example using [6, Example 1.1.5℄. Thus not every multipliation operator with multi-
plier in L∞σ∗(Ω;L (F
′)) denes a loal operator. But still, every loal operator is a multipliation
operator in this sense as the following theorem shows.
Theorem 4.2. Let F be a Banah spae. Then for every loal operator T ∈ L (Lp(Ω;F ′)) there
exists M ∈ L∞σ∗(Ω;L (F
′)) suh that MM = T .
Proof. Sine (Ω,Σ, µ) is stritly loalizable, there exists a lifting ̺ : L∞(Ω) → M∞(Ω) and a
family (Aα)α∈I of mutually disjoint sets of nite measure in Σ, overing Ω, suh that B ⊂ Ω is
measurable if (and only if) B ∩Aα is measurable for all α, and µ(B) =
∑
α µ(B ∩ Aα).
Let T ∈ L (Lp(Ω;F ′) be loal. Fix α ∈ I and v′ ∈ F ′ and dene Mα,v′ := T (1Aαv
′), whih
lies in Lp(Ω;F ′). We show that even Mα,v′ ∈ L
∞(Ω;F ′). In fat, let ε > 0 and dene
Bε := {ω ∈ Aα : ‖Mα,v′(ω)‖ ≥ (‖T ‖+ ε)‖v
′‖}.
Sine T is loal,
µ(Bε)(‖T ‖+ ε)
p‖v′‖p ≤
∫
Aα
1Bε‖Mα,v′(ω)‖
pdµ(ω) =
∫
Aα
‖T (1Bεv
′)(ω)‖pdµ(ω)
≤ ‖T ‖p‖1Bεv
′‖pp = ‖T ‖
pµ(Bε)‖v
′‖p.
This is only possible if v′ = 0 or µ(Bε) = 0. In both ases we obtain ‖Mα,v′(ω)‖ ≤ ‖T ‖ ‖v
′‖ for
almost all ω ∈ Ω by letting ε tend to 0.
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Now dene Mα,v′,v := ̺ ◦ 〈Mα,v′(·), v〉 ∈ M
∞(Ω). Then Mα,v′,v(ω) is a bilinear funtion of
v and v′ and |Mα,v′,v(ω)| ≤ ‖T ‖ ‖v
′‖ ‖v‖. Hene 〈Mα(ω)v
′, v〉 := Mα,v′,v denes an element
Mα(ω) ∈ L (F
′) suh that ‖Mα(ω)‖ ≤ ‖T ‖ for every ω ∈ Ω. Dene M(ω) := Mα(ω) for ω ∈ Aα.
Then M : Ω → L (F ′) is well-dened, bounded, and 〈M(·)v′, v〉 = 〈M(·), v′ ⊗ v〉 is measurable
for all v thanks to the properties of Aα.
Sine the simple tensors are total in F ′⊗˜piF , this shows that M is in Lσ∗(Ω;L (F
′)) and an
thus be onsidered to be an element of L∞σ∗(Ω;F
′). By onstrution and beause T andMM are
loal operators,MMf = Tf for all simple funtions. Approximating arbitrary f ∈ L
p(Ω;F ′) by
simple funtions, this implies thatMMf ∈ L
p(Ω;F ′) and Tf =MMf for all f ∈ L
p(Ω;F ′). 
Finally, we show that Theorems 4.1 and 4.2 give the same result in the ases in whih both
of them apply.
Proposition 4.3. Let E = F ′ be a separable dual spae. Then L∞σ∗(Ω;L (F
′)) = L∞(Ω;Ls(F
′)).
Proof. A funtion f is in L∞σ∗(Ω;L (F
′)) if and only if ‖f(·)‖ is essentially bounded and the
funtion 〈f(·), v′ ⊗ v〉 = 〈f(·)v′, v〉 is measurable for all v′⊗ v ∈ F ′⊗˜piF . Here we used that F is
separable and the simple tensors are total in F ′⊗˜piF , ompare also the disussion regarding (3).
By [6, Corollary 1.1.3℄ this is the ase if and only if f(·)v′ ∈ L∞(Ω;F ′) for all v′ ∈ F ′, i.e.,
f ∈ L∞(Ω;Ls(F
′). 
5. Positive Representations and Regular Representations
In this setion, we only onsider real Banah latties and omplete, stritly loalizable measure
spaes. We denote the positive one of a Banah lattie E by E+, and we write E
′
+ for the set
of all positive linear funtionals on E.
By denition, a measurable funtion f : Ω → E is positive if f(ω) ∈ E+ for almost every
ω ∈ Ω. Note that this ordering makes L1(Ω;E) into a Banah lattie suh that |f |(ω) = |f(ω)|
for almost every ω ∈ Ω.
For a funtion f in L∞σ∗(Ω;F
′) we say that f is positive if there exists a representative of
f taking values only in F ′+, or, whih is the same thanks to the positivity of the linear lifting,
〈k(·), v〉 ∈ L∞+ (Ω) for every v ∈ F+. This makes L
∞
σ∗(Ω;F
′) isometrially order isomorphi
to L1(Ω;F )′ via the natural identiation, see also the proof of Theorem 2.4. In partiular,
L∞σ∗(Ω;F
′) is a Banah lattie. On the subspae L∞(Ω;F ′) of L∞σ∗(Ω;F
′), this ordering oinides
with the pointwise order.
The following two theorems relate the positivity of the operator to the positivity of the rep-
resenting kernel and multiplier as dened in the previous setions, respetively. In other words,
these theorems say that, in the ase of Banah latties, the identiations of Theorems 3.3 and 4.2
are isometri lattie isomorphisms [1, Theorem 2.15℄.
Theorem 5.1. Under the assumptions of Theorem 3.3, let in addition E and F be Banah
latties. Then k is positive if and only if Tk is positive.
Proof. If k is positive, then the right hand side of (6) is non-negative whenever f ∈ L1+(Ω;E)
and v ∈ F+. This means Tkf ≥ 0 almost everywhere, whih is preisely the meaning of Tk ≥ 0.
If, on the other hand, Tk ≥ 0, then the right hand side of (6) is non-negative for every
f ∈ L1+(Ω;E) and v ∈ F+. Putting f := u1A for an arbitrary measurable set A and some
u ∈ E+, we see 〈k(·, ·)u, v〉 ≥ 0 almost everywhere. Applying a linear lifting we obtain a
representative of k taking values in the positive operators. Hene k ≥ 0 by denition. 
Theorem 5.2. Under the assumptions of Theorem 4.2, let in addition F be a Banah lattie.
Then T is positive if and only if M is positive.
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Proof. It is obvious that MM ≥ 0 whenever M ≥ 0.
Now assume that T = MM ≥ 0. We use the notation of the proof of Theorem 4.2. Note
that for v′ ≥ 0 we have Mα,v′ ≥ 0 almost everywhere and hene Mα,v′,v(ω) ≥ 0 for all ω ∈ Ω
if v ≥ 0, sine ̺ is positive. This means Mα(ω) ≥ 0, hene M(ω) ≥ 0, for all ω ∈ Ω. Thus the
representativeM onstruted in the proof is positive if T is positive, and the laim is proved. 
It is also possible to relate further order properties of k and Tk. Reall that an operator T
from E to F is alled regular if it an be written as a dierene of positive operators. The spae
of all regular operators from E to F is denoted by L r(E,F ). If F is Dedekind omplete, for
example if F is the dual of a Banah lattie, then every regular operator T from E to F has
a modulus |T | = sup{T,−T }, and ‖T ‖r := ‖ |T | ‖ makes L
r(E,F ) into a Dedekind omplete
Banah lattie [1, Theorem 4.74℄.
Let Tk be dened via (6). We will haraterize the kernels k suh that Tk is regular. In
fat, we will nd an isometri lattie isomorphism between L r(L1(Ω1;E), L
∞
σ∗(Ω2;F
′)) and an
appropriate spae of kernels.
For this, we introdue the so-alled p-tensor produt of Banah latties. A pair (H,χ), whereH
is a Banah lattie and χ is a positive bilinear map from E×F toH suh that ‖χ(u, v)‖ = ‖u‖ ‖v‖,
is alled a p-tensor produt of E and F if for every Banah lattie G and for every bounded,
positive
3
bilinear map ϕ from E × F to G there exists a unique bounded linear operator T from
H to G suh that the diagram
E × F G
H
ϕ
χ
T
ommutes, and, moreover, this unique map T is positive and satises ‖T ‖ = ‖ϕ‖.
It is not hard to hek that if (H1, χ1) and (H2, χ2) are p-tensor produts of E and F , then
there exists a (unique) isometri lattie isomorphism J from H1 to H2 suh that J ◦ χ1 = χ2.
Moreover, Shlotterbek [33℄ onstruted a p-tensor produt for every pair of Banah latties E
and F , ompare also [4℄. Thus there is an essentially unique p-tensor produt, whih we denote
by E⊗˜pF , and we will write u ⊗ v for χ(u, v). Sine T is unique, the linear span E ⊗ F of the
image of χ is dense in E⊗˜pF .
Now x G = R. A positive operator R from E to F ′ an be identied with the positive bilinear
map ϕR dened as ϕR(u, v) := 〈Ru, v〉. By the universal property there exists a unique element
ψR in (E⊗˜pF )
′
suh that ψR(u⊗ v) = 〈Ru, v〉 for all u ∈ E and v ∈ F . For a regular operator S,
there exist positive operators S1 and S2 suh that S = S1 − S2, and we dene ψS := ψS1 − ψS2 .
This denition does not depend on the hoie of S1 and S2 and is onsistent with the denition
for positive operators.
We laim that S 7→ ψS is an isometri lattie isomorphism from L
r(E,F ′) to (E⊗˜pF )
′
. It
is not hard to see that the mapping is linear and that ψS = 0 only if S = 0. It follows from
the universal property that S is positive if and only if ψS is positive. For ψ ∈ (E⊗˜pF )
′
+, the
positive bilinear map ϕ := ψ ◦ χ denes a positive operator S via 〈Su, v〉 := ϕ(u, v) suh that
ψ = ψS . Sine the one of (E⊗˜pF )
′
is generating, this shows that for every ψ ∈ (E⊗˜pF )
′
there
exists a regular operator S suh that ψ = ψS . Hene S 7→ ψS is a lattie isomorphism. Sine for
funtionals the regular norm and the operator norm oinide, the universal property shows that
‖S‖r = ‖ |S| ‖ = ‖ϕ|S|‖ = ‖ψ|S|‖ = ‖ |ψS | ‖ = ‖ψS‖,
3
A bilinear map ϕ : E × F → G is alled positive if ϕ(u, v) ∈ G+ for all u ∈ E+ and v ∈ F+.
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i.e., that S 7→ ψS is isometri.
Using the universal property, one an show that ⊗˜p is ommutative and assoiative via the
natural identiations, for example by extending the denition of the p-tensor produt to n
fators and showing that (E⊗˜pF )⊗˜pG and E⊗˜p(F ⊗˜pG) are models of E⊗˜pF ⊗˜pG.
There is a striking similarity between the denitions of the projetive and the p-tensor produt.
In fat, the denitions agree apart from the additional positivity onditions. Thus the following
result is not surprising.
Lemma 5.3. Let Ω be a measure spae and F be a Banah lattie. Then L1(Ω;F ) is isometrially
order isomorphi to L1(Ω)⊗˜pF .
Proof. It sues to show that (L1(Ω;F ), χ) with χ(f, v) := f(·)v has the universal property of
the p-tensor produt of L1(Ω) and F . Then χ is positive and ‖χ(f, v)‖L1(Ω;F ) = ‖f‖1 ‖v‖. Let
G be a Banah lattie and ϕ be a bounded, positive bilinear funtional from L1(Ω)× F to G.
If there exists a bounded linear operator T as in the universal property, it satises
T
( n∑
i=1
1Aivi
)
=
n∑
i=1
ϕ(fi, vi) (7)
for all hoies of measurable sets Ai ⊂ Ω and vetors vi ∈ F . Sine the simple funtions are
dense in L1(Ω;F ), this shows uniqueness of T , if it exists. Moreover, if a bounded T satises (7),
then T ◦ χ = ϕ, sine this holds on a dense subspae and χ and ϕ are ontinuous. Furthermore,
if T satises (7), then
‖T ‖ ≥ sup
{
T (χ(f, v)) : ‖f‖1 ≤ 1, ‖v‖ ≤ 1
}
= sup
{
ϕ(f, v) : ‖f‖1 ≤ 1, ‖v‖ ≤ 1
}
= ‖ϕ‖.
We still have to show that there exists a bounded, positive operator T that satises (7) and
‖T ‖ ≤ ‖ϕ‖. Dene T on the simple funtions by (7). For vi ∈ F and disjoint, measurable sets
Ai ⊂ Ω of positive measure, let g :=
∑n
i=1 1Aivi. Then
‖Tg‖ =
∥∥∥
n∑
i=1
ϕ(1Ai , vi)
∥∥∥ ≤ ‖ϕ‖
n∑
i=1
‖1Ai‖ ‖vi‖ = ‖ϕ‖ ‖g‖L1(Ω;F ).
Sine suh g are dense in L1(Ω;F ), this shows that T has a ontinuous extension to L1(Ω;F )
suh that ‖T ‖ ≤ ‖ϕ‖. From (7) we obtain that Tg ∈ G+ if g ≥ 0, i.e., if vi ∈ F+ for all i. Sine
suh funtions g are dense in L1+(Ω;F ) and G+ is losed in G, T is positive.
We have heked all onditions in the universal property. Hene L1(Ω;F ) and L1(Ω)⊗˜pF are
isometrially order isomorphi by the uniqueness of the p-tensor produt. 
The lemma shows in partiular that L1(Ω)⊗˜pL
1(Ω) is isomorphi to L1(Ω× Ω), ompare (5)
and Lemma 3.1.
Now we are in the position to prove the announed theorem about the orrespondene of the
regularity of the kernel and the operator.
Theorem 5.4. Let Ω1 and Ω2 be omplete, stritly loalizable measure spaes, and let E and
F be Banah latties. Then k 7→ Tk as dened in (6) is an isometri lattie isomorphism from
L∞σ∗(Ω1 × Ω2;L
r(E,F ′)) onto L r(L1(Ω1;E), L
∞
σ∗(Ω2;F
′)).
Proof. Reall that L∞σ∗(Ω;F
′) and L1(Ω;F )′ are isometrially isomorphi. Using the properties
of the p-tensor produt, we an proeed as in the proof of Theorem 3.3. We obtain that
L∞σ∗(Ω1 × Ω2;L
r(E,F ′)) ∼= L1(Ω1 × Ω2;E⊗˜pF )
′ ∼= (L1(Ω1;E)⊗˜pL
1(Ω2;F ))
′
∼= L r(L1(Ω;E), L∞σ∗(Ω2;F
′))
is a hain of isometri lattie isomorphisms. The omposition is given by k 7→ Tk. This proves
the laim. 
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The theorem shows that the regular operators are preisely those whose kernel takes values
in the regular operators and is bounded even with respet to the regular norm. In partiular,
not even every kernel in C([0, 1]2;L (E,F ′)) suh that k(x, y) ∈ L r(E,F ′) for all (x, y) ∈ [0, 1]2
denes a regular operator Tk. The next example shows how one an onstrut suh a kernel.
Example 5.5. Let E := F ′ := H := L2(T) with the natural ordering, where T denotes the
one dimensional torus. The spae L r(H) is not losed in L (H), see for example [9, Counterex-
ample 3.7℄. Hene there exist regular operators Sn suh that ‖Sn‖ → 0 and ‖Sn‖r → ∞ as
n → ∞. By linear interpolation we nd a ontinuous funtion f from [0, 1] to L (H) taking
values in L r(H) suh that ‖f(x)‖r → ∞ as x → 0. Then k(x, y) := f(x) denes a funtion in
C([0, 1]2;L (H)), k(x, y) ∈ L r(H) for all (x, y) ∈ [0, 1]2, but Tk is by Theorem 5.4 not regular.
6. Lp-Representations
In Theorem 3.3 we have haraterized the operators between spaes of vetor-valued funtions
that ome from bounded kernels. In the salar ase this redues to Theorem 1.1. For salar-
valued funtions, there is one other lass of kernels for whih it is fairly simple to desribe
the orresponding operators. In fat, every Hilbert-Shmidt operator from L2(Ω1) to L
2(Ω2)
orresponds to a kernel k ∈ L2(Ω1 × Ω2) via formula (1). This result an easily be generalized
to the vetor-valued ase, too.
Here we denote the spae of all Hilbert-Shmidt operators from a Hilbert spae H1 to another
Hilbert spae H2 by L2(H1, H2). It is well-known that L2(H1, H2) itself is again a Hilbert spae.
Theorem 6.1. Let Ω1 and Ω2 be σ-nite measure spaes, and let E and F be Hilbert spaes. Then
the mapping k 7→ Tk dened as in (6) is an isometri isomorphism from L
2(Ω1 × Ω2;L2(E,F ))
onto L2(L
2(Ω1;E);L
2(Ω2;F )).
Proof. We make use of standard properties of the usual omplete Hilbert spae tensor produt
⊗˜σ (f. [24, 2.6℄ for details) and dedue that
L2(L
2(Ω1;E), L
2(Ω2;F )) ∼=
(
L2(Ω1)⊗˜σE
)
⊗˜σ
(
L2(Ω2)⊗˜σF
)
∼= L2(Ω1)⊗˜σL
2(Ω2)⊗˜σE⊗˜σF
∼= L2(Ω1 × Ω2)⊗˜σL2(E,F ) ∼= L
2(Ω1 × Ω2;L2(E,F ))
is a hain of isometri isomorphisms. 
In partiular, the square of the Hilbert-Shmidt norm of an operator Tk equals
‖Tk‖
2
L2
=
∫
Ω1×Ω2
‖k(x, y)‖2
L2(E,F )
d(x, y).
Remark 6.2. Theorem 6.1 shows that, in ontrast to the salar-valued ase, not every operator
mapping L1(0, 1;H) to L∞(0, 1;H), H a Hilbert spae, is a Hilbert-Shmidt operator. This is
not very surprising, though, sine suh operators are in general not even ompat if H is innite-
dimensional.
It is natural to ask whether we an nd haraterizations of operators assoiated with kernels
in Lp(Ω1×Ω2;A(E,F
′)), where A(E,F ′) is a suitable subspae of L (E,F ′), for example a spae
of Shatten lass operators if E and F are Hilbert spaes.
In the salar ase, the situation is well-understood and leads to the onept of Hille-Tamarkin
operators. It is for example possible to desribe the spetrum of suh operators rather preisely
due to a elebrated result by Johnson-König-Maurey-Retherford [23℄. More on this topi an be
found in [29, 6.4℄.
However, we run into severe diulties when we try to attak this question with the above
tehniques involving tensor produts, even in the salar ase. Although there are natural an-
didates for suitable tensor produts in the Lp-setting, e.g. ⊗˜m and ⊗˜l in [31℄ and ⊗˜∆p in [13,
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Chapter 7℄, these are just not as well-behaved as the projetive or Hilbert spae tensor produt.
For example, in general Lp(Ω)⊗˜H 6∼= H⊗˜Lp(Ω) for any of these tensor produts, i.e., ⊗˜ is not
ommutative.
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